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lbr sirrll)licity, i t  v:ill t,c wwllImcl  t,hnt cnlly r+liflrms r[latrix
rlmclifi(*ti(m is t,cirlr. ]~crfc,rrrmt. A  rlurrll,cw of dilrle]lsimless

dru(:(urtll  ~xIrfIIIwLo* o,, nTc rillow(d to w r y ,  su(:h t)ln~ l}IC

utlrlmdifi(xl  SLructur(ll  nmcld ccmlcslmd 10 0,, = O . ‘1’tlc

&’~,Cll(k!llCC d th~ phy$i~>ll Sliflrl(!Ss ~ll:ltriX [}{] Cl?l thr’

p:lrml(tus  v:ill })c WW,UlrlcCI  [L<

[K] = [K,,] -1 }  ;O,,[KP]. (1)

P

‘J’htit i s ,  t h e  stiflrlcw rrlt!trix  i s  swurrlcd to t,c lillcsr irl

the slru(:tur}il  JIsrtir[lctcrs. ‘1’hc dcwlc)~)rrjcrjt  t}ltit f(,ll(ws

could lw IWI  fo] tid fm miy ot,}lcr krmv;]l  furmti(om)  f(}l rri :IS
w]]. IIwvcvctl t}lc lirleiir  rcltltiorm}li~~  is C)flctl cit}m t)m t r u e

furdimml forrrl, or is o rcsw,rlab]c  wxwr~itc  ti),~,ruxi]ll:,ti(,]i  over

rr brmd rtlrl~,c c)f ~mrfillwtcr  values.

i s  to be tw solvccl  f o r  t}w  eip,cljwlucs  ~ A,] arid rll(dc s}tlq)cs

[’3,], will, [K] p.ivcl, t,y cquatiori  (1 ). (h,ly the k,wst frcqurwy

rrmlcs }Irc usu$illy c~f iTltmcst. Ncml[isliy,  th is  ~oolhrl is dvd
CXilCtly for 8 ],iLrli(:UISil  Set c,f psralrlctctti  by usil)p,  the full firlitc
dlcvlmjt  mocld.  lrl cmlct to wlrwt a cicsirst]lc  ~mr:lrrirtcv  srl,

lil,csr  scvwilivity rirltilysis  i s  usccl to CStil,,  iite rA,] 1,1,(1 Id,] rIs

fllll(,liorm of the C.p.

‘1’hc trlsirl i d e s  of t h i s  J)SJWI is t,c, S(JVC quati(m (?)  cxs(.Lly

wit}mut usirl~,  t}lc  fill] firjitc e)c)lictil  rlldcl. ‘1’IIc solutic,rl  will tjc

cxwt, l,rovidrd the sliflrwss rrmtrix f(rrrlultitic,ll  C,f Cqlli]tiorl  (1)
is wli(l,

fm sor[lc  squtirc  Itliltli  X [W]. S11(:}1 n r(lstic,lishil, i s  slwfays  t] UC

if [’30] is t}lc fu l l  (squsrc) rrlodc  S}lil}jC!  nmtrix, sirjcc  irl lhst w+c

t h e  Cxllurrllls of [d’0] SJ,:,TI tllc full slmw c)f ~,ossitdc stru(:lursl

rrlot,  imis. ‘1’his is orily a]proxirrlnkly  t! UC if not all COl(llrl!ls  of

[dy,] are rdsincd.

SutmLitutiorl  c)f Cqu:ltimj  (6),  j!,(c)  ttlc  Cip,crlvilll]c ~,rol)lcrrj  (2),

tITId ])rcrrit)ll  i~)]yirlp,  ty [w)] ] , wc obtsi~l  t h e  rwv.’  cipf,rlwlluc
]Ild)hll

(rh.] -I} ;O,+,I)PUI: p]r~.], (7)
1$

l’;quntiorl  ( ’ / )  i s  cquiwlcrlt  to ttic  Olir,iriill  ci~:cllvaluc ~nokJclIi
of r.qllt,ti(nl ~>), cxcq)t  itl Irl(d:ll CO(lr(li]lilte:  t}lc  rrlil<s  rrlntlix

i s  tirl  idmtity,  WI(1 t}w  sliflm.s rrtstlix is cx]ocwcl irl tct IIIS of

the urlrlicdifid  Cip.(’tlVill  Ur’S and t}w  r(Icdsl stiflllrw srvwitivitics

dcfIIIcd i~! wlutltiorl  (s). M o s t  irlllmls)jtly,  t h e  siw c~f tllc

cif,c]lw~luc  ~,r(jt~lc~!i  ill qu:lticjrl (7)  i s  cqusl  to ttlc  rlurrll,ct of
rctt]irw(]  rllc~clcs frolr]  111(: fu l l  rrlo(lcl  rw(lc(l to SII:I  II t h e  s]mcc
c]f l}IC ricv:  rrlt]dc $+}lil~lCS, v;}lcrcs<  t}lc c]ri[,, irli]l cql]sticl]l  (2) is Sq

1~,~[:~ i)< L},c f~lll  ]JIO(lC1.

l’or  arly  c}loicc of s t r u c t u r a l  ))ilT?lTrlCICrs  (*J,, t h e  ci~,crlvaluc

in Crblelri c,f cqustiw( (7)  CilTl  bc SOIVC(] ilwx~,ctisivcly for the ful l
(S(,UilTC)  rr,odc Sl,:,],c  rr,:lt!ix [’i] f,TId eip.cl,w,lucs  PA.].  ‘1’l,C c,llly

rquircd irlfcrtll~]tic,rl  i s :  cip.crlvt]lucs  ~Ao J of t}lc  uTjrrdifid
. . ] lk,th of L}mw  w,]!Ilodd, 0110 the shflllr% Sc’llslt)v)tlw [F.p

t,c p,crrf+itcc) c+i$ily  fr(~l,, the fuli ur]l,lc,difird r,,c,cld.  ‘1’hc rrmdc
S}lil  I1(S  irl ~,}lysics]  c(,c,tdillatcs  :,IC t}lcll p,ivctl t>y cqusti(ni  (6).

‘1’}]is ~,rorxws y i e l d s  the cxscl s(,lutiml for t}jc  l[,oclifird rrlodcl,

IIr(wklcd CrlOllF.}1 rrjod(w of t}lc Urlrrl(,(lifid  r,, (,(lcl alc rclt, irlc(l
iri cqustiorl (6), 811(I assurllirlp. cqusti(uj (1 ) tdds cxwlly.

4. SII:NSI’lIIVI’I’}7 COMI)(J’J’A’I’I ONS”

3. MOI)A1 , (; OOI{l)INA’I’I(;S

p(o][4101, pvf]po]r~.]. (:{)

poj”pd]pol,  p].], (4)

[al(,]’’’[J{o]  [0(,] ,  p Ao.]. (f’)

MO;L  slp,(>lit})r]js  fm :Iutmjjatic  m c(~rrll,~]tcl-:liriecl  ~w?s?rlctcr
U])diit(’ arc f:uiclc(] t,y filsl c,rdcr (Iirlcilr) scrlsitivity  of

frcqurvmics  C,l r{w(lc  shs~ws tc~ tlw s t r  u(:tursl ~mrs!rletms.

‘1’h(w s e n s i t i v i t i e s  hsvc  twctl dcriwcl  Clsmv}iclc,  but  n sirrl~)lv

dctiwiti  or! follows bad orl t h e  cip.crlwluc  ~Jlotdcl[l irl rrl(d:ll

(X)ordirli+tcs.

1 ml

(9)

(10)

‘J’li(rl  t}jc rrmdcstm~w  s(vmitivity irl l,llysical c(,(,ldillolcsis

~:,[’w [%l][Qrp]. (11)



Now w~itc the ‘lkylcn  cxr,almimm

r A.]= ~ ArJ.] -1 } ;O,,p A,,.] -1 C)(CI;,), I

P

[w] = p J.] - 1  }  ;Cxp[wp]  -1 0(,;)
r’

‘J’hc urlknowi li~war  scmsitivitics ~ A),,] rind [U!l,]  w i l l h’

ctisci,vclccl bascxf c,:, t},c  c)rt}lop,or)srlity  relatior,slli~)s sa(isficd  t,y

[U(]:

p] ’’’[v] : r].], (14)

IVI’I(PAO.I -I } ;C+,J)IW:  ru (15)

JI

Sut,stitutir,p.  cquatiorls (1?)  and ( 1 3 )  ir]to cqrratiorls  ( 1 4 )
aIId (I 5 ) ,  sincl collczt.irlp.  tcwns  lirlcxir in al,, vw find

}  ;%?([w’” -1 [w) ‘ I’(1.1,
P

) ;%([w’”rw  -1 rkr.][’q]  I [q] rAJ ~
J)

Simc this n)ust tw true for t]lbitraTy 0,,, cquat.iorl  (“

[VJ,]I’  = [V,,],

rrl Id this tc)p,ct}m  wit}l  CqUilti  Orl (17) nmans  tllht

~ AO.IIW  [wr .kd P -LI: [d.

(16)

o.]. (17)

C) im~,licw

(18)

‘J’hc j’t}l cfiap,orml  crltry  ir] t}w  above rnritrix cquatim  is

(Ap)j  ~ [KJ]jj, (m)

whic]i  rucans that the cip,mlwduc scTlsitivitics ale found cm the

diop,cmol of t~lc slifl!lcxw sclisitivil,y  rrl:ltlix  ill rrjod[il  coo~dirlntcs.

ATI  ofl-di~u,onal  entry irl cquaticm (19) irl the j’t}l row m)cl k’L}I
column is

((AO)~  (AOJj)[QfJ]jk  : [Kp]jh  ~ if~ik. r~l)

It, t h e  rmrrml case whcm the ci~,cr]viilucs  c)f tlm urlrrmtificd
rrmc]cl  rrTc  d i s t inc t ,  t}lis cquati(m earl  thmi be sotvcxl  for  the
cjff-di~)r.orial  tcrrrls  o f  t}lc rrlodc shalm  scrlsitivity  rriatrix [VJ,]

‘J’hc diap,orlal  tcrrrm  c)f [Vr,] must, be z e r o  in order  t o  s:ltisfy

cqusrticni  (18).  OIW t h e  [UJJ,] r[latric:cs  ale clctcrrrlirlcxl,  the fu l l

~rmdc S}I:,IW  scnwitivitics arc obtainccf usinp, cquatimj  (1 1).

]’;quatior,  (21)  breaks dcwrl  whcrl Cit,(vlviilucs  of t}lc  ur)rrlodifirxl

]rlcdcl  r+~)~moac}l  each other .  ‘J’}lis sup,p,csts t}j:lt t}ie rllodc  sh:qw

scrwitivity lm(:c)rrlcs  large for closely sIIwcd rrlcjdcs. lrl ],ruclicc,

the cip.crwulucx  will ucvcr  bc cxtictly cqrml, but t}w rrlodc s}ln~x:s

~~rcdictcxl  t)y linear scmsitivity  analysis arc  cmly valid  for wry

tirly }mmuictcr  chmf.cs  in the  cmc of closely s}mrxd ~rlodcs.

5, sl;NsIrl’I\Jl’J’y :A1,(:LJIA’I’ION l~()}t hlol)ll’lltl)  Mol)ltl,

‘1’tlc above rwrrlls arc not llcv,r. (hl t h e  surfwc, thcw rnctcly. .
SUF.F,CSL c~rlc  v,’try to d e r i v e  Jjrcvicwsly  puhlishcd  frcqumlcy  il!td

rrlodc S}IIIIW  s e n s i t i v i t y  results. ‘1’lw rmv idc+ of t}lis ~mlm  is
ths.t  aflcr  a Srrlall adjrrstrrlclit }iw bcorl rrl:, dc tc) t}lc  structunrl
]mT[,TrlcLc~s,  t}ic  rmv,’  rrioci:l~ l,ro~,cllics  o f  t}lc rrlodifid  rr,{dc]
cxtli km corrllwtccf  exactly, rind  t}lcvl t}lc  scrlsi Livitics of lhc  rmw

frcqucrwics  and Yr]ocic  s}w~m csI.rI bc cx,rrllmtcd,  a l l  w i t h o u t

lmcc~irlp,  to rcwrl to the firlitc clcrrlcrlt  rrjodc].

l~quatioll  (7) shows  tlw cip,cmvaluc problcfll  t o  bc s o l v e d  iri

order  to otd,tiia t,hc cip,cxlwducs r A.] a~Id lrl:l.w riortr!alimd XI ICX-IC

s},a~ms [d’] c,f t},c rr,oclificd  rrloclcl, l’;qlliitior!s (22(I)  aTld (?1 )

S} ICP.V  how’ tc~ chtaill  t.}w scnsitivit.y  of the cirfvlvulucs  and rrlocle

R} I: IIICS to t}lc  Slruclllro] ~J:ira!/lc’tcrs.

It is worlh rcpcatir,~, that c,r,ly the follov,,irlr,  il,forfr,~t.io>]  i s

required to c+rhrlatc  the cxtIct  cip,crjvalum aIId Trlodc Shapes,

siTIcl  tmtll  cip,crlvaluc  ali(i  lr]odc S}lil~W  scrlsitiv itics: cip,cmwducs

rAcr.] c)f t}lc rrnmodificcl  ruodcl;  rri:,,ss  ]lorrrlalizcd ~r)c,dc  s}lii~,cs

[d,o] c)f t]ic  ulir,iodificd rrodcl cd suflicicr!t srr}wt of all  lr,odcs);

a~,d t}lc stiflricss scl,sitivics [,:1,] irl rrldi)l  comdirmtcs  c,f t h e

ulllrl(xlificd  1110(1(,1.

I f  8 rtlc,dific+itiorl  is rrmdc t o  ttlc  rlloclcl,  t}lctl  wc C:LTI  }Icrforrrl
a l l  o f  t h e  at)c]vc Ciil Culatic]rls usirlp,  L}IC rlmdificd  ~rlodcl  as a
II(:W  st:i~tirlp,  ~,c,irlt.  of t h e  t}lrw  itmrls  ]istcd a b o v e ,  t}lc
ci~.cvlw:lucs  nnd rrlc)clc  s} IIIpcx cmric  dircclly froru  t}lc~ solutiori

o f  cqu:ltiorl  (7). ‘1’hat is, Lcj rrmkc t}ic rrlodificd  ]rlodcl  the rmw

basclirm,  w silri~~ly  rc}hcc

~A.] , ~A(J.], (H)

[Q’o][’1] - ,  [%)]. (?:{)

Arid wmrdinp, tc~ cquatiorl  (8),  the stiflrlcss  scrlsitivics ir! t}ic

rlcw rrlodal  cx,ordirl:itcs  s}mulcf hc

[’J]’’’[K,,][V] ,  [K,,]. (24)

~otc t}l:lt t},is ]iittCr  cqrrf~ticnl would  rmd Lc) bc ~)c~justcd

i f  a ncmlir]cw  sLifIrjcss rclatiorm}li~}  V.wq uwd  irl ])lil(:C!  of

cquf,ticm  ( l ) .

W i t h  t h e  abcwc suhstitutioris, t}lc  Scvwitivity Cal(:llliltiorl
dcscr it,cd iri scctiot,  4  car, t,c rc~w:itccl  t o  c)t)t:,il)  sclisitivitics

v<llid  irl  t}l(’  Vkirlity  Of t}lC rl~:v.f rllod~l. ‘J’hu~, sr rlurrltmr

o f  srrlrrll  stc~r+ cxrl h: trikcrl  w i t h o u t  rcvcrtirl~,  tc, t h e  full
rllodc].  A t  Cild] stc}~, the rmv.’  frcqucmcics  and rriode S} IU]ICS aTc

corliputcd  wit})  out  e r r o r ,  aljd  t}lc scrlsitivitics  arc rccx,rrl~]utcd

al)llro~,rihtcly.

lrj l,racticc,  it rrliiy lKJt  tw ~,c~ssit,lc  to cornplctcly  avoid itcratiorls

usir!~, t}lc firlitc clctrwrlt  rrmdcl. E r r o r s  will  acxmrnuhte  i f

cqrratioll  ( 1 )  i s  riot  CXil(:t, c,r  duc  to t}ic  ]jrrljtccl  IIllrrlt,cr  o f

lrlodes  o f  t}lc cnip)irml  rrlc)dcl  twirl~,  USCCI  irl t h e  calcul/\tioI1.

llowcmr, this tcchrliquc  allows a larp,c nu!rlbcr  of srr1811 stcIIs to

bc w:cwrllulatcd  before it is rlcmssary to rurj t}jc  full rriodcl.
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6. S(JC(:lI:W’lI;I)  MOI)E1, UJ’I)A’J’JN(: AI’} ’IK)ACII

Ufiinp,  t}Ic nt,crvc mults, i t  i s  ]>ossit,lc t.cr pcrkrrm ],aralfwlcr-
t,~~cd rIIoclcl updating, irl a systematic wtiy. ‘1’hc following SLCJ,S

out]irm  olIc J,owiblc  a)ymach.

1.

!?.

3.

4.

~

6.

7.

Sc]cd  structural pararnctcrs  o;,.

Using urtruodificd  firlitc clcmc~lt Inoctcl, cc,rri~,ulc
cip,crlvalucs  ~ Ao,]  and mode s}]al)cs [dIO].

Usirlp,  urlmodificd finite clcrucvlt modclj com~mrtc
stiflncss  rrcrmitivitica [K],]  = [410] ’1 ’[ KP][OO].

Gcrlcratc  cip.cmwduc scnsitiviticrr r AI,,] a r i d / o r

nmdc S}IRI>C  scmilivit.ics  [dIp] = [O)o] [q’p).

USC scnsitivilirx  to select pror{lisi~lg  trmdificatiom
to structural  ]m anmtcrs. ( A  r,urnt)cr o f
al ]prori C}ICS  }Iavc bccrl su p,~,c,slcd f o r  chc,osi  T I F,

]mra,!nclcr charir,cs. F o r  CXalrllJIC,  lrlir,ilrliy,c

crl  ors tjctwccll  t e s t  and a~mlysis  w}lilc kcc~lirl?,
parameter changes srrmll.) It is ~,ossitdc t o

i~h,cractivcly  try diflcrcrlt  ~mamctcv  c}mnp,cs,  and

usc t}rc cxmct cigcrrwduc  solution to preview t}lc

result of cwi charlp,c.

Aflcr rrlakirlg a small c}mmp.c  in paranlctcrs,  scdvc
the ci~.cnvaluc lmot,lclrl

(rk.]-l >; QPIKII)IVI,  [qr~.]
P

for r A,] a~rd [JI], Make the Trlc)dificd rrrodcl  the

ncw starliri~ poirlt try rcl>lacing

1A.] -> rAo.]

[Qr)][vf] - ) p~]

[’J’]  ’l’[KP][W] ~ [K,,].

Staylirlp, froln this  lICW t,asclinc,  t)cp,irl  anot}lm

itcrtitiorl nt step 4.

8. CON(:I,lIS1ONS”

A  tcchniquc  w a s  prcscrltcd  f o r  usi]l~ rrlodal  cc)cmdinatcs

to faci l i tate rrlultiplc i t e r a t i o n s o f  s t r u c t u r a l  ~,aramctcr

umdificatiorl  wil}]out frcqucrrtly  cxcrcisir)p,  t}jc f u l l  firiitc
clcrucnt rrlc>cicl. AfI,CT  e a c h  itcratiorr, an cxaci  soluticm  o f

t h e  cip,cmvaluc problcrn  is pcrfor]rmdj  a n d  lirlcilr scvlsitivity is

rccalcalatcd.

‘J’his rcfirrcrrmtL of ~mviously reported paran!ctcr  ruodificatiorl

rnct}lods  allows itctatiom  to bc ~jcrfcmrr]cd csscrltially real tirrlc.

As a result, the armlysl is free to cxpcrimcrjt  with rrmr!y  c)pticms

for  piwirrlctcr  adjustnlcrlt,  and can irrlrr]ccliatriy p rev iew the

co~lscqucrlccs  c)f a~ly  c}la~lp,c.  l:i addition, it is rrlorc  fcrisiblc  to

~,crforlrl  a lrtrgcr nurrlt~cr of srrlall paranlctcr  chcrnp,cs,  with the
rmwitivi tics rccalcuhtcd aflcr  each C} IS TIP. C. ‘1’his is especially

u s e f u l  W}IC]I  it is ncccsstiry  to corrclatc  a rrlodcl  with closely

s~>accd  rrlodcs.
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